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compensated compactness









Ut + F (U)x = 0 (x ∈ R, t > 0) (1)
U ,F (U) N
U = U(x, t) = t(u1, u2, . . . , uN ), F (U) =

















λ1(U) < λ2(U) < · · · < λN (U)
λj(U) Rj(U) F (U)
D
∇λj(U) ·Rj(U) 6= 0 (∇ = (∂1, ∂2, . . . , ∂N ))
1
j- D (genuinely nonlinear) D
∇λj(U) ·Rj(U) ≡ 0





λ1(U) 0 · · · 0









(u1)t + λ1(U)(u1)x = 0
(u2)t + λ2(U)(u2)x = 0
· · ·
(uN )t + λN (U)(uN )x = 0
Rj(U) = ej (= j )
⇐⇒ ∂jλj(U) 6= 0











Oleinik [10] (1957) 1 L-F (*1) Helly (*3) large data
(*2)
Glimm [11](1965) N Glimm Helly small data (*4)
[12] (1968) 2 (*5) Glimm Helly large data
Tartar [13] (1979) 1 large data
DiPerna [14],[15] (1983) 2 (*6) L-F large data
DiPerna [16] (1976) 2 (*7) Helly small data
Bressan [17] (1992) N Helly small data
(*1) Lax-Friedrichs : DtU + DxF (U) = 0 (∆t, ∆x → 0)
DtU =





F (U(x + ∆x, t))− F (U(x−∆x, t))
2∆x




(*5) 2: (Lagrange )
vt − ux = 0, ut + (a/v)x = 0 (u: v = 1/ , a > 0: )
(*6) 2: ([14])
vt − ux = 0, ut − σ(v)x = 0 (σ′(v) > 0, vσ′′(v) ≥ 0)
(Euler ) ([15])
ρt + (ρu)x = 0, (ρu)t + (ρu
2 + P (ρ))x = 0
(ρ: , u: , P (ρ) = aργ : , γ = 1 + 2/(2N + 1): ,
N = 1, 2, 3, . . ., a > 0: )
3
(*7) 2: 2×2









ε(·, t) ≤ C,
‖U ε(·, ·)‖L∞ ≤ C,
‖U ε(·, t)− U ε(·, s)‖L1 ≤ C|t− s| ( o(|t− s|))
• :
{
‖U ε(·, ·)‖L∞ ≤ C,




ut + f(u)x = 0 (t > 0, x ∈ R)
u(x, 0) = u0(x) (x ∈ R)
(2)
Chen ([22]), Chen-Lu ([24])
u = u(x, t) ∈ R f(u) u C2







= 0 (ut + uux = 0)
{
ut + f(u)x = εuxx (t > 0, x ∈ R)
u(x, 0) = uε0(x) (x ∈ R)
(3)
4
u = uε (ε > 0) uε0 u0 ε
ε
|uε0(x)| ≤ M, ‖uε0‖L2 ≤ C
ε → 0 uε0 → u0
1 (3) u = uε(x, t)





uε0 u(·, t) ∈ H2 ∩ C2 t0 > 0 u(x, t0)

































(5) u(x, t) (x, t) = (x0, t0) t
max u(·, t) t
max u(·, t) ≤ max u(·, 0) = max u0(·) ≤ M
min u(·, t) ≥ min u0(·) ≥ −M
ut + f


































′(u)ux u, ux ∈ L2, |u| ≤ M f ′(u) ∈ L∞





x + uuxx u, ux, uxx ∈ L2 (uux)x ∈ L1 ux, uxx ∈ L2


































2 u = u(x, t) ∈ L∞(R× [0, T )) (2) 0 ≤ t < T






{φtu + φxf(u)}dx +
∫
R
φ(x, 0)u0(x)dx = 0 (6)
3
3




































































Iε = o(1) (ε → 0)
L∞(Ω) :
‖gn‖L∞(Ω) ≤ C {gnj}j g ∈ L∞(Ω)
gnj → g L∞(Ω) weak∗
uε, f(uε) {εn} u¯, f¯







{φtuεn + φxf(uεn)}dx +
∫
R







{φtu¯ + φxf¯)}dx +
∫
R
φ(x, 0)u0(x)dx = 0
f¯(x, t) = f(u¯(x, t)) a.e. (7)
u¯(x, t)
4
vn(x) = cos nx φ ∈ L1(R) Riemann–Lebesgue
∫
R
φ(x) cos nxdx → 0 (n →∞)
cos nx → 0 L∞ weak∗
cos2 nx =



















cos2 nx → 1
2
L∞ weak∗






f¯ = w∗−lim f(uε) f(u) Young
8
5 Young
5 Ω(⊂ RM ) , K(⊂ RN ) vn : Ω → RN
vn(x) ∈ K (a.e. x ∈ Ω) {vnj}j , RN
( 1 Borel ) {νx(y)}a.e.x∈Ω












(ν x ) G¯(x) 〈νx(y), G(y)〉
Young 1 G(y) ≡
6





〈νx(y), G(y)〉 = G(v(x))




















(χO(x) O χO(x),−2v¯χO(x) ∈ L1(Ω))
9
( ) vnj → v¯ a.e.
7
4 vn = cosnx Young (cf.[13])





























































φ 2kpi/n < z/n + 2kpi/n < 2(k + 1)pi/n φ ∈ C0(R)















































Young v = 0
v = −1, 1
νx(v) 〈νx(v), G(v)〉 G(v)
















1− v2 (cos nx Young )
cos nx x
G(v) G(v)
cos nx v = −1, 1
cos nx v = 0
v = −1, 1 cos nx n
v = cos nx
v = −1, 1
v = 0
(7)
ν(x,t)(u) ν(x,t)(u) = δu¯(x,t)(u)
6
8 (div–curl ) Ω(⊂ RN ) vn, wn : Ω → RN

















vnj · wnj =
N∑
k=1
(vnj )k(wnj )k → v · w L∞(Ω) weak∗
{nj}j
[13] H−1loc (Ω) φ ∈ C∞0 (Ω) φT ∈ H−1(Ω)
T ∈ D′(Ω) Fre´chet
9 C2 η(u), q(u) : R → R
q′(u) = η′(u)f ′(u) (8)
(η(u), q(u)) ut + f(u)x = 0 η(u)
q(u)
u(x, t) ut + f(u)x = 0





′(u)(ut + f(u)x) = 0
10
(1) (η(U), q(U))















11 R× (0,∞) Ω {η(uε)t + q(uε)x}ε H−1loc (Ω)
2
12 Ω(⊂ RN ) ,






A W−1,p(Ω) ( p
1 < p < N/(N − 1))
13 (Murat ) RN Ω 1 < q ≤ 2 < r < ∞
q, r
(W−1,q(Ω) ) ∩ (W−1,r(Ω) )













∗ = M(Ω) 12 1 < q < 2
q {I2}ε W−1,q(Ω)










η′(uε) Ω 1 < q < 2 q′ = q/(q − 1) > 2






∣∣∣∣ ≤ C3√ε‖φx‖Lq′ (Ω) → 0 (ε ↓ 0)
{I1}ε W−1,q(Ω) I1 + I2 = η(uε)t +q(uε)x
W−1,q(Ω)













≤ C4(‖φt‖L1(Ω) + ‖φx‖L1(Ω)) ≤ C5‖φ‖W 1,r′0 (Ω)
(r′ =
r
r − 1 > 1)
{η(uε)t + q(uε)x}ε W−1,r(Ω)
Murat ( 13) {η(uε)t + q(uε)x}ε H−1loc (Ω)


























(q(uε), η(uε)) = η(uε)t + q(u
ε)x, curl
(x,t)
(−ηˆ(uε), qˆ(uε)) = ηˆ(uε)t + qˆ(uε)x
H−1loc (Ω) div–curl {uε
′}ε′
{uε′′}ε′′
{(q, η) · (−ηˆ, qˆ)}(uε′′) = (ηqˆ − ηˆq)(uε′′) ∗⇀ η¯¯ˆq − ¯ˆηq¯




∣∣∣∣∣ η qηˆ qˆ
∣∣∣∣∣〉 =
∣∣∣∣∣ 〈ν, η〉 〈ν, q〉〈ν, ηˆ〉 〈ν, qˆ〉
∣∣∣∣∣
Tartar ut + f(u)x = 0









Tartar ([13]), Chen-Lu ([24]) Chen ([22])
(ηˆ(u), qˆ(u)) = (u, f(u)) ((u, f(u)) ) u¯, f¯
(x, t) Young ν = ν(u)
ηqˆ − ηˆq − (η¯¯ˆq − ¯ˆηq¯)
= 〈ν, η(u)f(u)− uq(u)〉 − (〈ν, η(u)〉f¯ − u¯〈ν, q(u)〉)
= 〈ν, η(u)(f(u)− f¯)− (u− u¯)q(u)〉
〈ν, η(u)(f(u)− f¯)− (u− u¯)q(u)〉 = 0 a.e. (x, t) (11)
ν η(u)(f(u)− f¯)− (u− u¯)q(u) η,
q
η(u)(f(u)− f¯)− (u− u¯)q(u)
{
= 0 (u = u¯)
< 0 (u 6= u¯)
(11) supp ν = {u¯} ( ) ν = δu¯
(η, q)




3: η(u)(f(u)− f¯)− (u− u¯)q(u)
14
(η, q) u = u¯ C2
C∞ η¯n η(u) qn(u) =







(ηn, qn) (11) n →∞ Young ν
Lebesgue (η, q) (11)
(η, q)
η(u)(f(u)− f¯)− (u− u¯)q(u)
= (f(u)− f¯)|u− u¯| − |u− u¯|{f(u)− f(u¯)} = |u− u¯|{f(u¯)− f¯}
f(u¯)− f¯ u (11)
〈ν, |u− u¯|{f(u¯)− f¯}〉 = {f(u¯)− f¯}〈ν, |u− u¯|〉 = 0 a.e.
16
f(u¯) = f¯ 〈ν, |u− u¯|〉 = 0 a.e.
f(u¯) = f¯ ν = δu¯ a.e.
ν = δu¯ f(u¯) = f¯
(7) u¯
uε
′′ → u¯ a.e.
ν = δu¯





H(u) = η(u)(f(u)− f¯)− (u− u¯)q(u)
f(u¯) = f¯


















H(u) ≤ 0 u = u¯ u u¯ f ′(u)
(11)
〈ν, H(u)〉 = 0
supp ν H(u) 0 supp ν f ′(u)
f(u) = u2/2 (Burgers ) f ′′(u) > 0








f(u) ( 5) Tartar
(10) f(u) (a, b) f ′(u) ≡ c0 ( )
a ≤ u ≤ b
q(u) = q(a) +
∫ u
a
η′(v)f ′(v)dv = q(a) + c0
∫ u
a
η′(v)dv = c0η(u) + c1
(c1 = q(a)− c0η(a))
∣∣∣∣∣ η qηˆ qˆ
∣∣∣∣∣ =
∣∣∣∣∣ η c0η + c1ηˆ c0ηˆ + c2
∣∣∣∣∣ = c2η − c1ηˆ
supp ν ⊂ [a, b]
〈ν,
∣∣∣∣∣ η qηˆ qˆ
∣∣∣∣∣〉 = 〈ν, c2η − c1ηˆ〉, ∣∣∣∣∣ 〈ν, η〉 〈ν, q〉〈ν, ηˆ〉 〈ν, qˆ〉
∣∣∣∣∣ =
∣∣∣∣∣ 〈ν, η〉 c0〈ν, η〉+ c1〈ν, ηˆ〉 c0〈ν, ηˆ〉+ c2
∣∣∣∣∣ = c2〈ν, η〉 − c1〈ν, ηˆ〉 = 〈ν, c2η − c1ηˆ〉
(Young 1 〈ν, cj〉 = cj)











• ( ([23])) + ( )
• ([19, 20])
Young L∞ Lp (p > 1)
(Lp-Young ) Lp Lp-









([39, 40, 41, 42, 43])
8.3 Tartar




vt − ux = 0,
ut − σ(v)x = 0
vσ′′(v) ≥ 0 DiPerna ([14]), vσ′′(v) ≤ 0 J.Shearer ([33]), P.Lin
([34]) vσ′′(v) ≤ 0 σ(v)
σ′ → 0 (|v| → ∞)
• :
{
ρt + (ρu)x = 0,
(ρu)t + (ρu
2 + P (ρ))x = 0
(ρ ≥ 0, P ′(ρ) ≥ 0, P ′′(ρ) ≥ 0)
DiPerna ([15]), Ding,Chen,Luo ([26, 27],[28]), Lions,Perthame,Tadmor,Souganidis









(λ2(U) > λ1(U) (U 6= U0), λ2(U0) = λ1(U0))
Chen,Kan ([45])

















• vσ′′(v) ≤ 0
σ(v) = v/
√
1 + v2 σ′ → 0 (|v| → ∞)
(L1) Lp-
(p > 1) L1 Young
Lp- L1
•
P ′(ρ) > 0, P ′′(ρ) > 0 (ρ > 0)
21
Tartar P (ρ) (
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